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I n  t h i s  P a p e r '  a  n e w  m e t h o d  o f  b o u n d a r y  r e d u c t i o n  i s  p r o p o s e d ,  w h i c h  r e d u c e s  t h e
e l l i p t i c  b o u n d a r y  v a l u e  p r o b l e m s  t o  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  o n  t h e  b o u n d a r y  a n t l
p r e s e r v e s  t h e  s e l f - a d j o i n t n e s s  o f  t h e  o r i g i n a l  p r o b l e m s .  N , [ o r e o v e r ,  a  n e w  b o u n d a r y  f i n i t e
e l e m e n t  m e t h o d  h a s e d  o n  t h e s e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  i s  p r e s e n t e d  a . c l  t h e  e r r o r
e s t i m a t e s  o f  t h e  n u m e r i c a l  a p p r o x i m a t i o n s  a r e  g i v e n .  T h e  n u m e r i c a l  e x a m p l e  s h o w s  t h a t
t h i s  n e w  m e t h o d  i s  n o r e  e f f e c t i v e .
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I .  INtnooucrroN

I n  r e c e n t  y e a r s ,  t h e  b o u n d a r y  f i n i t e  e i e m e n r  m e t h o d  h a s  b e e n  e x r e n s i v e l y  a p -
p l i e d  t o  m a n y  f i e l d s  o f  e n g i n e e r i n g  a n d  r e c h n o l o g y t l , z l .  T h i s  m e t h o d  c a n  b e  c o n s i d e r e d
a s  a  n u m e r i c a l  m e t h o d  t o  o b t a i n  t h e  n u m e r i c a i  s o l u r i o n  o f  t h e  b o u n d a r y  v a l u e
p r o b l e m  f o r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  b v  r e d u c i n g  t h e m  t o  t h e  i n t e g r a l  e q u a t i o n s
o v e r  t h e  b o u n d a r y .  T h i s  m e t h o d  h a s  a n  a d v a n t a g e  o f  r e d u c i n g  t h e  d i m e n s i o n a l i t y
o f  t h e  p r o b l e m  b v  o n e  d i m e n s i o n  a n d  h e n c e  p  r o d u c e s  a  m u c h  s m a l l e r  s y s t e m  o f
e q u a t i o n s .  B u t ,  i n  g e n e r a l ,  t h e  s e l f - a d j o i n t n e s s  o f  t h e  o r i g i n a l  p r o b l e m  i s  n o t  p r e -
s e r v e d  a f t e r  t h e  r e d u c t i o n .  F r o m  t h e  c o m p u t a t i o n a l  p o i n t  o f  v i e w ,  t h e  l o s s  o f  t h e
s e l f - a d j o i n t n e s s  b r i n g s  m u c h  t r o u b l e ,  s u c h  a s  m o r e  s t o r a g e  l o c a t i o n s  a n d  m o r e  c o m -
p u t e r  t i m e .  A m o n g  t h e m  t h e r e  i s  a n  e x c e p t i o n  t h a t  t h e  s i n g l e  l a y e r  t h e o r y  c a n
b e  a p p l i e d  t o  t h e  D i r i c h l e t  p r o b l e m  o f  e l l i p t i c  e q u a t i o n s  w i r h o u r  l o s s  o f  s e l f - a d -
i o i n t n e s s .  I n  1 9 6 1 ,  G .  F i c h e r a t 3 l  s u c c e e d e d  i n  e x t e n d i n g  t h e  s i n g l e  l a y e r  t h e o r y  t o
t h e  D i r i c h l e t  p r o b l e m  f o r  s t r o n g l y  e l l i p t i c  e q u a t i o n s  o f  h i g h e r  o r d e r  i n  r w o  i n d e -
p e n d e n t  v a r i a b l e s .  T h e  b o u n d a r y  i n t e g r a l  e q u a t i o n s  d e d u c e d  b y  F i c h e r a ' s  m e t h o d
p r e s e r v e  t h e  s e i f - a d j o i n t n e s s  o f  t h e  o r i g i n a l  p r o b l e m s .  A f t e r  a  l i t t l e  m o r e  t h a n  L
d e c a d e ,  t h e  v a r i a t i o n a l  f o r m u l a t i o n s  o f  t h e s e  b o u n d a r y  i n t e g r a l  e q u a t i o n s  a m e n a b l e
t o  f i n i t e  e l e m e n t  a p p r o x i m a t i o n s  w e r e  g i v e n .  F u r t h e r m o r e  t h e  e r r o r  e s t i m a t e s  o f
t h e  a p p r o x i m a t e  s o l u t i o n s  w e r e  o b t a i n e d  b . ;  J .  c .  N e d e l e c  a n d  3 .  p l a n c h a r d r a r ,  

J . c ,
N e d e l e c t 5 l ,  M .  N .  L e  R o u x t 6 l  a n d  G .  c .  H s i a o  a n d  w .  L .  w e n d l a n d r T r .  u n f o r t u _

*  P r o j e c t  s u p p o r t e c l  b y  t h e  N a t i o n a l  N a t u r a l  S c i e n c e  F o u n < l a t i o n  o f  C h i n a .
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na te l y ,  F i che ra ' s  me thod  canno t  be  gene ra l i zed  to  bounda r , r '  cond i t i ons  o the r  t han

those of  the Dir ich let  type.

In  1978 ,  Feng  Kang t8 l  p roposed  the  canon i ca l  bounda ry  f i n i t e -e lemen t  me thod

by  the  canon i ca l  bounda ry  reduc t i on  wh i ch  fa i t h fu l i y  p rese rves  the  essen t i a l  cha r -

acter is t ics of  the or ig inal  problems inc iuding the sel f -adjo intness.  In  th is  d i rect ion,

a  se r i es  o f  r esu l t s  have  been  p resen ted  b7  Feng  Kang  and  Yu  Dehao t8 -111 .  I n  t he

p rocedu re  o f  canon i ca l  bounda ry  reduc t i on ,  t he  Green  func t i on  o f  t he  o r i g i na l

equa t i on  w i th  t he  D i r i ch le t  bounda ry  cond i t i on  i s  used ,  wh i l e  t he  Green  func t i on

cou ld  no t  be  ob ta ined  fo r  a  gene ra l  doma in .  Hence  up  to  now the  canon i ca l  boun -

da ry  f i n i t e -e lemen t  me thod  fo r  gene ra l  doma ins  has  s t i 1 l  been  an  open  ques t i on .

I n  t h i s  pape r ,  t he  doub le  l aye r  t heo ry  i s  app l i ed  t o  t he  Neumann  p rob lem o f

e l l ip t ic  d i f ferent ia l  equat ions and e l l ip t ic  boundary value probiems are reduced to

boundary in tegro-d i f ferent ia l  equat ions preserv ing the sel f -adjo intness of  or ig inal

p rob lems .  On  the  bas i s  o f  bounda rv  i n teg ro -d i f f e ren t i a l  equa t i ons ,  a  new bounda ry

f in i te-e lement  method is  presented,  which wi l l  be cal led I -D boundary f in i te-e lement

me thod  be low .  Bes ides ,  e r ro r  es t ima tes  o f  I -D  bounda ry  f i n i t e -e lemen t  app rox ima-

t ions are a lso g iven.

Le t  I  be  a  bounded  s imp le  c l osed  cu rve  i n  R ' .  f  i s  su f f i c i en t i y  smoo th .  S tp -

pose ,O  i s  t he  bounded  doma in  w i t h  bounda ry  f  and  O"  i s  t he  unbounded  doma in

wi th boundary T.  We consider  the fo l lowing Neumann problems of  the Laplace

equa t i on  and  the  He lmho l t z  equa t i on :

0 ,  i n  . 0 ,

-  s ,
( 1  1 )

0 ,  i n  O . ,

:  g ,  a  i s  bounded ,  when  l t l  *  -F  oo :
( r . 2 )

t-" '
1 0 "  )
I a ,  i .

( u n  
-

l ^
l o u  1
t * t
\ O N

,- atr
I

10"  I
l-:- I
\ d n ' , r

( -  au

1 o " l
t -
\ o n  I

t  t t  : 0 ,  i n  , o ,

-  5 ,

*  r . t  : 0 ,  i n  O . ,

-  
5 ,r

u + 0 ,  w h e n  i r ]  +  f  c o ,

( 1 . 3 )

( 1 . 4 )

where  n  and  n -  deno te . t he  un i t  ou twa rd  no rma l  vec to rs  on  f  f o r  doma ins  O  and

. .O .  respec t i ve l y .  g<H-ZQ)  i s  a  g i ven  func t i on .  As  usua l ,  H " ( f )  and  H- (Q)  s tand

for  Sobolev spaces,  a and m are two real  numbers.  We know that  there ex is ts  a

un ique  week  so lu t i on  f o r  t he  bounda ry  va iue  p rob lem (1 .3 )  o r  (1 .4 ) .  Fo r  p rob lems

(  1  . 1  )  and  ( l  . 2 )  ,  t he  f  o l l ow ing  cond i t i on  i s  requ i red

g ( , x ) d : , : 0 . ( 1 . 5 )J.
Under  t he  cond i t i on  (1 .5 ) ,  p rob lem (1 .1 )  (o r  (1 .2 ) )  has  a  un ique  weak  so lu t i on
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a p a r t  f r o m  a  d i f f e r e n c e  o f  a  c o n s t a n t .  A  r " r e w  m e t h o d  o f  b o u n d a r v  r e d u c t i o n  w i l l

b e  p r e s e n t e d  i n  t h e  f o l l o w i n g  s e c t i o n .

II. A Nsw MstFroo oF BouNDARv Reouctrox

T o  b e g i n  w i t h ,  w e  c o n s i d e r  t h e  p r o b l e m  ( 1 . 1 ) .  L e t

l ^

/ \ 1 . ' r Ou ( y ) :  
J .  

o ( ' )  
; ; ^ * \ ,  

-  y \ d s , ,  Y 1 , Q . O  ( 2 . r )

be  the  so iu t i on  o f  t he  p rob lem ( i . 1 ) ,  p ( r )  be ing  an  unde te rm ined  func t i on  on  f .
n ,  :  ( f t r , ,  n2,)  refers to the uni t  outward normal  vector  at  point  r  €  f .  For  every
y (  8 and an arb i t rarv uni t  vecto t  f , t .  :  G\ ,  " ' r ) ,  rve have

Y g  : t  c e )  =  ! - r o g  l r  -  ! \ d s , ,  y y  (  e .  ( 2 . 2 )
0 n ,  J r '  0 n r ' 0 n '

The  c ruc ia i  po in t  o f  t h i s  new me thod  o f  bounda rv  reduc t i on  i s  t he  f o l l ow ing

lemma.

Lemma 2.1. For euery r  *  J ' ,  t l te f  ol lowing equal i t l '  holds

-  - a :  t o g l r - / l  :  - = 4 - l o g l x - 1 ' r ,
0n , .0n ,  0 r ,  0 r ,

uhere  T ,  :  (  -  " t " ,  " ' r )  i s  a  un i t  uec tor  pe i 'pend icu la r  to  f i t  t  and  Tr

iepresents  the  un i t  tangen,  aec to t '  a t  po in t  r  (1 .

P r o o l  .  L e t  r : ( x ' x r ) t  l : ( l r r r , r ) t  r :  l r - t ,  l ,

H : '  
I  t  Il o g  l x  -  , l  : ; l o g { ( r ,  -  t , ) ' t -  ( r ,  -  } ' , ) ' } .

Some compu ta t i ons  y i e ld

arH - (r, - yr)' - (r, - yr)'

r'4 
'

( 2 . 3 )

:  ( -  n2 " ,  n t )

oy,ox,

EH EH -  2 ( x '  -  y ' ) ( x '  -  , r )
oy,ox,

arH

0yr0r, r'

_ - ( x r - y r ) ' * ( x r - y r ) '
, 'noy,ox,

then  we h a v e

UH : Q i

d H  d H  \  / , \
Oy,A" Oy,Ar ,  \  l "  \
e H  o , H  l l , l

0yr0x, 0t ' ,0x,/  \ ' -"

I  UH 0 'H \  /_  - , \

, . / a y o ' ,  a y e " \ f  " ' l""\#o:,,k)\ ' , i

, r r(
0nr 0n,

:  - ( -  " ' ,
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c)T \. oT r

S u b s t i t u t i n g  ( 2 . 3 )  i n t o  ( 2 . 2 )  a n d  u s i n g  i n t e g r a t i o n

) u ( y o ) _  A  [  _ , / . . \ r ^ ^ l
on,o  

:  
' ; l , ^  

e ' ( " )  Iog  l r  -  ro lds"

where  p ' ( x )  :  bg  and  s '  i s  t he  a rc - l eng th  a long  the  bounda ry  f .  Fo r  eve ry
d J ,

y  €  I ,  w e  t a k e  n r o :  f l y ,  f l r ,  i n d i c a t i n g  t h e  o u t w a r d  u n i t  n o r m a l  v e c t o r  a t  p o i n t  1 €  I

a n d  l e t  y o  g o  t o  y .  T h e n  w e  o b t a i n

Yg : 4- | o'G) log lr - t ldS,, vy € r.
0r, /S., . l r 

'

F rom the  bounda ry  cond i t i on  o f  t he  p rob lem (1 .1 ) ,  we  ob ta in  t he  {o l l ow ing

da ry  i n teg ro -d i f f e ren t i a l  equa t i on ,  wh i ch  p rese rves  the  se l f - ad jo in tness  o f  t he

inal  problem:

- + t  p ' ( r ) l o g  l *  -  y l a s ,  :  g ( y ) ,  Y y a r .
d 5 r '  ;  r

Simi lar ly ,  le t

r  . .  au(y)  :  
J .  c ( r )  

h r " r l ,  
-  y ldS, ,  Yy  (  Q (2 .7 )

be  the  so lu t i on  o f  t he  p rob lem (1 .2 ) ,  whe re  p ( r )  i s  an  unde te rm ined  func t i on  on

f .  F rom Lemma 2 .1  ,  we  ob ta in

1u (v )  I  d  (

# l r :  
-  

^ ,  ) , c ' Q ) l o g  i r  -  Y \ d s " '  ( z ' s ;

Moreove r ,  t he  p rob lem (  1 .2 )  can  be  reduced  to  t he  f o l l ow ing  bounda ry  i n teg ro -

d i f  ferent ia l  equat ion:

d  
I  p ' ( x ) l o e  1 ' -  ) , l a s , :  -  g ( y ) ,  Y y ( T .  ( 2 g )

d S u  ;  r

We  now p roceed  to  d i scuss  the  p rob lems  (1 .3 )  and  (1 .4 ) .  The  f  undamen ta l

so lu t i on  o f  Eq .  -  Au  t  u  :  0  i s  t he  mod i f i ed  Besse l  f  unc t i on  o f  ze ro  o rde r

K r ( l r - y l ) .  T h e r e  i s  t h e  e x p a n s i o n  n e a r b y  r : 0

K,(  r )  :  )  o ,u ' "  log I  l -  L  u, r "  ,  ao :  1 .

A t  i n f i n i t y ,  w e  h a v e  

n = o  /  t = ,

a n d  l i m  K o ( / )  :  0 .
r + + @

alH

K o ( , ' )  :

K o ( r )  s a t i s f i e s

Q . E . D

by  pa r t s ,  we  ob ta in

V  yo  ( .  9 ,  ( 2 .4 )

( 2  5 )

boun-
orig-

( 2 . 6 )

t ;
\  t r

the  fo l low in g  d i f fe ren t ia l  equat ion
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L e t

d'K, , \ r )  +  L {4D_ Ko( , . )  _  o,  r  *  o .
dr '  ,  d ,

l ^

u, (y )  :  \  p ( " )  =Y-  K ' (  1 r  -  y1  ) /S , ,  Vy  e  A
J r  o n ,

b e  t h e  s o i u t i o n  o f  t h e  p r o b l e m  ( 1 . 3  ) ,  w h e r e  f  u n c t i o n  p ( * )  w i l l  b e  d e t e r m i n e d

b e l o w .  F o r  e v e r y  y (  Q  a n d  t h e  u n i t  v e c t o r  n r . :  ( n f , ,  n 2 r ) ,  w e  h a v e

!y_G) f /.\ d
O;  

:  
J .  r ( ' )  

d* ,K ' (  
1 '  -  y \ )ds , ,  Yy  a  Q.  (2 . ]2 )

F o r  t h e  d e r i v a t i v e  - - g ^  K . ( l r  -  y l ) ,  w e  h a v e
0nn 0n,

Lemma 2.2. The follouing equality holds

d K , ( l r -  l l )  -  -  d K , ( l r -  y l )  _  K o q r _  I  l ) c o s ( n , , n , ) ,
0nr0n, 0t r)t "-

vx  *  y ,  (2 . r3 )

w h e r e  t *  =  ( -  n 1 ,  n t " )  a n d  t r , :  ( -  n t " ,  " i ) ,

P r o o f  .  S o m e  c o m p u t a t i o n s  y i e l d

0 ' K , ( l r - r l )  _  _  ( , , - y , ) '  d : r y ! \ ! ) _  ( r , - y , ) ' 4 ! L ( t
O y r O x ,  , ' 2  d r '  , ' -  

-  
d ,  

t

d K . ( l r  -  r l )  - _  r r K , ( l r  -  r i )  _  _  ( ' ,  - . r , ) ( r ,  - : r , , )  d , K o ( r )

( 2 . r 0 )

( 2 . r  l  )

Dy,0x,

oY 'or '

E q .  ( 2 . 1 0  )  l e a d s  t o

r t  d r t  ) ' :  d r

ov,ox, r t  d r '

* (x' - y,)(r, - , ' ,)  dry,{J')
r ' t  

-  

d t '  
t

d ' K o (  l . r -  v  )  _ _  ( x , - ) ' , ) '  d ' K o ( r )  _  ( x ,  - 1 , ) ' d K o ( r )

0 ' K , 0 1 _  y l )  
*  d ' K , ( i x _  r l ) : _ K o ( l r _ l l ) .  ( 2 . 1 4 )

dy,dx, 0y,0x,

O n  t h e  o t h e r  h a n d ,  w e  h a v e

!ad-k--4) nin" * !44- '_ .-- . .- ,- 'D n' , , tr .  (2.r6)
dytt)t ,  

'  
0y,0x,



C o m b i n i n g  ( 2 . 1 5 ) ,  ( 1 . 1 6 )  a n d  ( 2 ' 1 4 ) ,  w e  o b t a i n

O ' K o ( l r  -  r l )  *  O ' K o ( l x  -  r ' i )  -  -  K o (  \ ,  -  y \ )  ( n ' " n \ - l  n ' z , n ? , )
OnrOn, 0r r0r,

:  -  Ko (  \ r  -  Y \ )  cos (n , ,  n r ) .

Th i s  i s  t he  conc lus ion  o f  Lemma 2 '2 .

Q . E .  D .

Subs t i t u t i ng  (2 .13 )  i n to  (2 ' 12 )  and  i n teg ra t i ng  by  pa r t s '  we  ob ta in

' du , ( t )  
-  : -  [  p ' ( r )K , (  t r  -  yo ]  ) ds ,

O n r o  0 t , o ) t '

-  
J .  

o ( t )  K o (  l  '  -  l o  l  )  c o s  ( n , ,  n , o ) d S "  ( 2 ' 1 7 )

YyoQQ and  un i t  vec to r  n to :  ( r t r o ,  n t r ) .

Fo r  eve ry  y  €  f  ,  n ,  deno tes  t he  ou tward  un i t  no rma l  vec to r  a t  po in t  y .  I f  nyo :

nn and y0 goes to 1 in  (2 ' I7) ,  then we have

ou , (y )  \  :  _ !_ [  p , ( " )K , (  l r  _  y \ )as ,
O n '  ' r  d S '  ) r  

'  -

-  
i .c ( " ) ro(  1 '  -  1 l )  cos (n, '  nr )ds"  Vv € r '  (2 '18)

By  the  bounda ry  cond i t i on  i n  t he  p rob lem (1 .3 ) ,  we  acqu i re  t he  {o i l ow ing  i n teg ro -

d i f  f e ren t i a l  equa t i on  t o  de te rm ine  f  unc t i on  p ( r ) ;

d  
\  p ' ( r ) K o (  \ ,  -  y i  ) d s ,  -  [ - o ( r ) K , ( 1 "  

-  r ]  ) c o s ( z ' ,  n , ) d s ,
d S ,  ) r '  : r

:  g (y ) ,  Vy  €  r .  Q ' r9 )

Simi lar ly ,  le t
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(2 .20)

be  the  so lu t i on  o f  t he  p rob lem ( l . a )  w i t h  f unc t i on  p ( r )  t o  be  de te rm ined '  I t  l s

easy  to  check  tha t  z r ( y )  goes  to  ze ro  when  l y l  goes  to  i n f i n i t y '  We  f i nd

ou, (y )  :  _  4_ t  p , ( r )Ko(  \x  _  y l )ds ,
0 n -  r r  d 5 "  ) r

+  [ -  c ( " ) ro (  ]  '  -  v  |  )  cos  (n , ,  n r )ds , ,  Vy  (T '  (2 '21)

Hence the problem ( i .4) is reduced to the fol lowing boundary integro-di f ferent ial

equation

+\ "  e ' ( r )Ko(  l ,  -  v l )ds .  -  
J .c ( ' )K , (  1 '  -  v l )cos(a ' ,  nu)ds '

d5" J r

-  -  g (y ) ,  Vy  €  I .  Q,22)
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III. BouNoanv IFIIsono-DIFFERENTIAL Eq' (2'6)

Fo r  eve ry  g<H- i ( f )  sa t i s f y i ng  t he  cond i t i on  (1 .5 ) ,  t he  p rob lem (2 .6 )  i s  equ i v -

a lent  to  the {o11o' ,v ing var iat ional  problem:

rF ind  p ( r )  , r i ( r )  such  tha t

i l ,  ; ; : ir,  .o,, vE e #(r), 
(3'1)

w h e r e

a ( p , , p ) :  -  
[ "  \ , o ' G ) r n ' ( v ) l o e  \ ' -  t ' l d s , d s v ,

(s ,  r )  :  I  s (v)E Q)ds, .' _r r

The  b i l i nea r  f o rm  a (p ,E )  has  been  d i scussed  i n  de ta i l  by  G .  C .  Hs iao  and  W '  L "

WendlandtTl .  The main resul ts  in  [7]  are the {o l lowing

Lemma 3.1.

( i )  o(p,  E)  is  a bounded b i l inear  fornt  on t j , fD x l i ( f ) ,  namely,  there ex is ts

a constant  I I  > A such that

l o lp ,  q ) l  <  M 11o ' t l -4 , r1 le ' l i -1 , . ,  Vp ,  E  (  # (D '  G j )

(1 i )  suppose thar  d iam o: :  rhe d iamercr  of  g 1 l ,  then there is  a constLnt

v 2 0  s u c h  t h a t

o(p,  p)  2  r l lp ' l l ' -+ , r ,  YpQ #t r ) .  (3 .3)

L e t

N o :  t  p e H i ( r ) ,  d ( P ,  p ) :  o ) .

Bv  the  i nequa l i t y  (3 .3 ) ,  we  know tha t  t he  d imens iona l i t y  o f  nu l l  space  No  i s  one .

obv ious l1 , ,  p  :  I  (  Nc .  F rom the  F redho lm  a l t e rna t i ve  t heo rem,  we  have

Theorem 3.1.  (  1 .5)  rs  the necessary '  and suf  f  ic ient  condi t ion f  or  the er is tence oJ '

t he  so lu r i on  o l  t he  ua r i a t i ona l  p rob lem (3 '1 ) .

Now le t  us  i n t roduce  space

v , : { 0 . # t r ) ,  I  p / , r ) d s , :  o ] ,"  
t  J r  )

Z6 being a subspace of  t i f f> .  Moreover the norm 11 p l l  +, .  and the semi-norm

l ]p ' i i - + , .  a re  equ i va len t  i n  space  t r / . .  Le t  l l p l l v ,  :  l l p ' l l - ; , . .  Cons ide r  t he  f o l l ow ing

var iat ional  problem:

l F i n d  p € I l o  s u c h  t h a t  / .  t \
\ 0 1 p ,  , p )  :  ( s ,  , q )  V , p  e  V n .  

\ ) " t /

By  Lemma 3 .1  and  rhe  Lax -M i l g ram Theo rem,  r ve  have  the  fo l l ow ing  resu l t .

Theorem 3.2.  The uar iar ional  problem (3 4)  has a unique solut ion 9o(  Vo,

and



Vo l .  XXX I
S C I E N T I A  S I N I C A  ( S e r i e s  A )

l lp, l lu, (  14 l ls l i -+,. .  (3'5)

U n d e r  t h e  c o n d i t i o n  ( 1 ' 5 ) ,  p o  i s  a  s o l u t i o n  o f  t h e  p r o b l e m  ( 3 ' 1 )  a n d  P : 9 o - |

C  a re  t he  so lu t i ons  o f  t he  p rob lem (3 '1 )  {o r  eve ry  cons tan t  C '

The  rema inde r  o {  t h i s  sec t i on  i s  devo ted  to  f i n i t e  e lemen t  app rox ima t i on  o f

t he  p rob lem (3 .4 ) .

Suppose  V (  r s  a  f i n i t e  d imens iona l  subspace  o f  V ] '  Cons ide r  t he  f o l l ow ing

approximate problem:

JF ind  p7 ,  (  Z f  such  tha t  (3 .6 )
\ o ( o r ,  q )  :  ( g ,  E ) ,  Y E n € V ! .

We  p roPose

Theorem 3.3.  The uar iat ional  problem (3.6)  has a unique solur ion Pht  and the

lollowing abstract error esimtte holds

\ t

I lpo  -  po l l , ' "  = ;  
- ' ) t f  

l l po  -  p ' l lu . '  (3 '7 )

This  conc lus ion  f  o1 lows immedia te lv  f  rom the  Lax-Mi lg ram Theorem and Cea

Lemmat l '1 .

IV. BouNoanv lxrecno-DrrFpneNrrai '  Eq' (2'19 )

F o r  e v e r y  g e  a - * ( r ; ,  t h e  p r o b l e m  ( 2 . 1 g )  i s  e q u i v a l e n t  r o  t h e  f o l i o w i n g  v a r i a -

t iona l  p rob lem:
1

l F i nd  
p ( r )  <  I r z ( f  )  such  tha t  (1 .1 )

\01p ,  , p1  :  -  ( g ,  cP ) ,  YE  e  t i ( r ) ,

whe re

b(p,  ,p) :  i . l .  
p ' (x) 'p '  (v)  K, (  I  '  -  r  !  ) /s 'ds '

*  i .J ,  
pQ)q(v)K, (  \ '  -  vJ  )  cos ( ' , "  nu)ds 'ds"  (+ '2)

F o r  b i l i n e a r  I o r m  b ( P ,  t P ) ,  w e  h a v e

Lemma 4 .1 .  b (p , ,p )  i s  a  bounded b i l inear  fo rm on t t ' z t f )  x  t ig l '  i ' e '  there

is  a  cons tan t  M 7  0 ,  such tha t

\ b ( p , d  1 (  l r l l p l l a , . l l q l l  4 , r ,  v P ,  ' ? ( I i ( r ) '  ( 4 ' 3 )

T h e  p r o o f  r s  s i m i l a r  t o  t h a t  o f  L e m m a  3 ' l ( i )  a n d  i s  o m i t t e d  h e r e '

T o  p r o v e  t h e  c o e r c i v e n e s s  o f  b ( p " p ) '  w e  d e f i n e  t h e  l i n e a r  o p e r a t o r  ' % '

y o m  H , / 2 ( l )  t o  H ' l ' ( f )  a s  { o l l o w s :

. f t -p:  I  p(r)  i -  " , t  \ ,  -  v l ) /s* -  ' tp(v) '  vp€ #(r) '  (4 '4)
)  r  d n ,
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I
I

W e  k n o w  r h a r  a  r o (  l ' -  y l  )  a n d
0o ,

f  X  f .  Hence  the  i n teg ra l  ope ra to r  i n
F o r  e v e r v  u  (  H t t ' ( l ) ,  c o n s i d e r

i  . .u :  I  P( . r )' I

o ,  l ,
; - logr- -a ,  have the same s ingular i ty  orr
O n ,  l r  -  y l
( a .a )  i s  comp le te l v  con r i nuous  and  bounded .

) K n ( i  x  -  r l )
0n ,

/ S .  -  r p ( y ) . ( 4 . 5 )

W e e n c o u s  i r t t e g r a l  e q u a t i o n

d K ^ ( l x  -  v l )p l r )  - #  r iS ,  -  " p ( y )
d n ,

t l .%'pl l i ,r  2 t ' l lpl +,r, vp< H+G).

Lemma 4 .2 .  T l ' te re  ex is rs  a  cons tan l  p2  0  such tha t

b ( p ,  p )  2  p  p  ' r r . , ,  y o e  # ( r ) .

Proo l  .  Because space c - ( f  )  i s  dense in  t i rD ,  we on11 '  r reed ro  p rove
f o r  p Q  C - ( f  ) .  F o r  e v e r v  p €  C - ( f  ) ,  l e t

, , , ( . v ) :  i -  o ( " 1  j -  " , 1  l r  -  y l ) d s ,  v y Q  o ,

L A

u , ( y ) : 1 ,  n ( . . 1  
h  

* , t l . t - r , l ) / S ,  V y ( e , .

B y  t h e  b o u n d a r l ' b e h a v i o u r  o f  t h e  d o u b i e  1 a , v e r s ,  w e  o b t a i n

, , (y)  1 .  :  i_  o( i  ! -  Ko(  1,  -  r  )ds,  -  , ,p(y)  :  . !x .p ,. , r  d n ,

u , ( y ) ' , : I  p ( ' )  j  K , ( i " -  y l ) , J 5 , i , p ( y ) ,
. l  c ) n ,

a n d

F r o m  ( 2 . 1 8 )  a n d  ( 2 . 2 1

0 " , ( y )
0, ,

|  

-  t " o Q ) '

1 -  _ ) ls,

k n o r v  t h a t  t h e  h o m o g

. i
l r

h a s  a  u n i q u e  s o l u t i o n  p : 0 .  B y  t h e  F r e d h o l m  a l t e r n a t i v e  t h e o r e m ,  w e  o b t a i n  t h a t
f o r  e v e r v  a  (  H 1 ' ' ( l ) ,  t h e  p r o b l e m  ( 4 . 5 )  h a s  a  u n i q u e  s o l u t i o n  p e  H r / r ( l ) .  H e n c e
. 9 / ' :  H " ( f  )  - -  H " ' ( f  )  i s  a  b i j e c t i v e  m a p p i n g  a n d  i s  c o n r i n u o u s .  T h e n  t h e  B a n a c h
T h e o r e m  i m p l i e s  t h e  c o n t i n u i t y  o f  t h e  i n v e r s e  , % ' - ' :  H ' / ' ( f ) + H t / r ( l ) ,  w h i c h  i s
e q u i v a i e n t  t o  r h e  f o l l o w i n g  f a c t :  T h e r e  i s  a  c o n s t a n  r  v  )  0  s u c h  t h a t

( 1 . 6 )

( 4 . 7 >

( 1 . 7 )

u , ( y ' ) t r  -  u , ( y - ) ' , t

) ,  w e  k n o w  t h a t

0 u , ( v )
, O n i r

r i
a l: - ^  I  p ( r J r t o (

d J ,  r

-  \  p ( r ) K , q , - r i
_ r

O n  t h e  o t h e r  h a n d .  w h e n  l y l  -  *  @ ,  w e  h a v e

) '

)  c o s  ( 2 , ,  n r ) d 5 , .
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u,(y) :, (r+),
\ l / l - l

o u , ( y ) : . /  1  \ -
3 "  

-  "  \ b ' 1 ' / '
} u , ( y ) : ^ /  ,  \
u  

-  "  \ r 1 ' l '
An appi icat ion of  the Green formulat ion y ie lds

t ;  f (

I  I  ( v u , '  Y u ,  *  u ) d y  +  \ \  ( Y r , ' Y u z  *  u i ) d Y
: ) o  ) ) o c

: l  : - u d s , t \ - 4 + , , 0 t ,t Y  ) n t  ) r  ) n y

: t  o u '  r "  " \ r c  --  
l  rA 

(u '  -  u ' )ds:  :  2nb(P'  P)  '

F I e n c e  w e  h a v e

b ( p ,  p )  >  
| 1 , , , , ' j , 0 .  

( + . 8 )

F r o m  t h e  t r a c e  t h e o r e m ,  \ r ' c  k n o r v  t h a t  t h e r e  i s  a  c o n s t a n t  C t ) ' 0  s u c h  t h a t

l l r , l l , ,o )  c, l lu, l l4,r :  c, l l ,ypl l+,r .  (4.e)

Comb in ing  the  i nequa l i t i es  (4 .8 ) ,  ( 1 .9 )  and  (4 .6 ) ,  we  admi t  t ha t  t he  i nequa l i t l '

( a .7 )  w i l l  immed ia te l v  f o l l ow  w i th  6z  : 4 t .
. T

An appl icat ion of  the Lax-Mi lgram Theorem y ie lds

Theo rem 4 .1 .  po r  eue ry  g  Q  H- ' ' ' ( l ) ,  t he  ua r i a t i ona l  p rob lem (4 .1 )  has  a

un ique  so lu t i on  pQHt i ' (T ) ,  and

l l p i l + , . < I  l l * l l - + , . .  ( 4 . i 0 )
p '

N o w  s u p p o s e  7 / '  i s  a  f i n i t e  d i m e n s i o n a l  s u b s p a c e  o f  H t / ' ( f ) .  C o n s i d e r  t h e

{o l low ing  approx imate  prob lem

6Find  p7 ,  €  7 / '  such  tha t

\ u f . o , - v ) : l ( r ,  c p t , ) , Y t p t , ( v t ' .  
( 4 ' l l )

The  fo l l ow ing  theo rem a r i ses '

Theo rem 4 .2 .  The  ua r i a t i ona l  p rob lem (4 .1 i )  has  a  un ique  so lu t i on  pn (Vn ,

and the ' f  o l lou ing ab; t ract  er t  or  e- t imate holds

- \ / . . , r  r l
\  p  -  p4 t  + ' '  < ;  

- j l , t ,  t t o  -  qn l l+ ' r '  ( 4 ' 12 )

where p is  the solut ion of  the problem (1.1 ) .

Th i s  conc lus ion  fo l l ows  f rom the  Lax -M i l g ram Theo rem and  the  Cea  Lemma.
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Cons ide r  t he  f o l l ow ing

V. Nuuenrcar, Exalrplr

n  ; -  n

5 t

( 0 < r { 2 " )

example :

( a u :
t ^
1 o u
t = -
\ d n  r

where

( 5 . 1 )

( 5 . 2 )

p :  { G , ,  r , )  €  R '  i 4  *  f  1 r ,  a :  L ,
t  l a '  b 2  2 '

i s  an  e l l ipse ,  the  paramet r ic  equat ion  o f  the  boundary  f  i s

I x r :  
a  c o s  t

) ,
\ x 2 :  o s t n t

0 u \
^  i  

- 5 -

O n  1 r

,  1 l
o :  _ : |

+ t

a n d

a b  c o s 2 t

l /  . '  sl ,r 'zt + b\os'zt '

F i r s t  o f  a l l ,  t h e  b o u n d a r v  f  i s  d i v i d e d  i n t o  e i g h t  s e g m e n t a l  a r c s  b y  e i g h t
n o d e s  a a ,  d B ,  a t z t  d $ s  d n t  d z 4 >  ( j z s t  a 3 ,  a s  s h o w n  i n  F i g .  1 .  T h e  d i v i s i o n  i s  d e n o t e d  b y
par t i t ion  L  Then the  par t i t ion  is  re f ined by  d iv id ing  everv  segmenra l  a rcs  in to  two
p a r t s .  W e  o b t a i n  t h e  p a r t i t i o n  I I  c o n s i s t i n g  o f  1 6  s e g m e n t a l  a r c s  c o r r e s p o n d i n g  t o
t h e  n o d e s  { 0 , ,  i  : 2 , 4 1 6 r 8 , . .  .  r 3 2 } .  R e f i n e  i t  a g a i n ,  a n d  t h e n  t h e  f i n a l  p a r t i t i o n
I I I  c o n s i s t s  o f  3 2  s e g m e n t a l  a r c s  a s  s h o w n  i n  F i g .  l .

t t 1 2  t t s  a n d  u y 1  d e n o t e  t h e  I - D  b o u n d a r y  f i n i t e - e l e m e n t  a p p r o x i m a t i o n s  o f  t h e
p r o b l e m  ( 5 . 1 )  c o r r e s p o n d i n g  t o  t h e  p a r t i t i o n s  I ,  I I  a n d  I I I  a n d  p i e c e w i s e  l i n e a r
b o u n d a r y  e l e m e n t s .  z z  d e n o t e s  t h e  e x a c i  s o l u t i o n  o f  t h e  p r o b l e m  (  j . l  ) .  w e  g e r
t h e  v a l u e s  o f  u . 1 ,  u r r >  t t r i l  a n d  u  o n  t h e  n o d e s  { a ; ,  i  : 2 r 1 1 6 r . . ,  r 3 2 ) .

T h e  r e l a t i v e  e r r o r s  
' u  

,  
" : l  

, ,  ( K  :  I , l l , l l l )  a r e  g i v e n  i n  F i g .  2 .  T h i s  n u -
m a x  ] z ( a ; )  j

F i g .  1 P a r t i t i o n s  I - l l l .
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Table

P o i n t

P o i n t

t t l

t t t l

t r r t l

p o r n r

t r l

t t  t l

t t t t l

tl

. 3 i 1 7 1  x  1 0 - 1

. 4 . { . i 1 3  x  1 0 - '

. - i 6 9 + 9  x  1 0 - 1

. + 6 8 7 5  X  l 0 - '

- 0 . 9 1 4 6 4  x

-  0 .  l : 5 9 9  x

- 0 . 8 : 4 5 9  X

- 0 . E 3 6 7 7  X

. 3 7 7 0 1  X

. 1 4 4 9 3  x

.16949 x

. 4 6 8 7 5  X

I  0 - '?

I  0 - '

i t l - "

I 0 - ' ?

l 0 - '

I  0 - 1

I  0 - 1

I  0 - 1

l 8

. E - { t r 9  x  l 0 - '

0 . 3 1 1 r : ) s  x  l 0 - '

l-
t-
l-

I  0 - '

l_
t-
t-
l:

, t 2 7 7 9

.  i l t 2 4

. l : t 0 1

. 1 : 5 0 0

. 3 7 7 0 1  X  1 0 - ' ,

. ' 14 ' 19 .1  x  l 0 - '

. 1 6 9 4 9  x  1 0 - '

. . { 6 8 7 t  x  1 0 - '

0 . 9 1 . 1 6 4  x

0 . 1 t 6 0 0  x

0 . E : 1 6 5  X

0 . 8 3 6 7 7  X

- 0 . 1 0 6 5 1  x  l 0 - 1

- 0 . 1 2 6 1 1  x  1 0 - '

- 0 . 8 2 4 5 3  X  1 o - ' ?

-  0 . 8 J 6 7 7  X  l o - ' ?

. 3 5 1 7 1  X  l 0 - '

. 1 + 1 1 i  X  l 0 - '

. 4 6 9 4 9  X  1 0  1

. 4 6 8 7 5  X  l 0 - r

. E 1 7 1 6  X  1 0  ' ,

+ 1
+ 2
--+- 3

F i g .  I  R e l a t i v e  e r r o r s '

m e r i c a l  e x a m p l e  s h o w s  t h e  I - D  b o u n d a r y  f i n i t e - e l e m e n t  m e t h o d  i s  v e r y  e f f e c t i v e .

I  w i s h  r o  e x p r e s s  m y  s i n c e r e  t h a n k s  t o  P r o f .  F e n g  K a n g  f o r  h i s  v a l u a b l e  d i s -

c u s s i o n s  a n d  t o  L i  X u e f e n g  f o r  h e l p i n g  m e  i n  m a k i n g  t h e  n u m e r i c a l  e x p e r i m e n t '

RBrnnnNcns

i  l  ]  t s r e b b i a ,  C '  A . ,  T h e  B o t t n t ! a r y  E l e n t e t l |  I l e t h c r ]  | o r  E n g i n e e t s '  P e n t e c h  P r e s s ,  L o n d o n ,  1 9 7 8 .

l 2 ) B r e b b i a , C . A . , T o 1 1 e r , J . C ' F ' & W r o b e l , L ' C ' , B o u n d a r y E l e m e n t T e c h n i q t c s ' T h e o t y a n d

x
t -
l ^

v i  :
r l Y
I l-:-
- r { i :

l q y
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A p p l i c a t i o n  i n  E n g i n e e r i n g ,  S p r i n g e r - V e r 1 a g ,  B e r l i n - H e i d e i b e r g - N e w  Y o r k ,  1 9 8 4 .

t  3  ]  F i c h e r a ,  G , ,  L i n e a r  e l l i p t i c  e q u a t i o n s  o f  h i g h e r  o r d e r  i n  t w o  i n d e p e n d e n t  v a r i a b l e s  a n r l

s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  P r o c e e d i n g s  o l  C o n f e r e n c e  o n  P a r t i a l  D i l l e r e n t i a l  B q t a t i o n s  a n d

C o n t i n r m  L l e c h a n i c s ,  U n i v e r s i t v  o f  W i s c o n s i n  P r e s s ,  M a c l i s o n ,  1 9 6 1 , 5 5 - 8 0 ,

t  4  ]  N e d e l e c ,  J .  C .  &  P l a n c h a r d ,  J . ,  U n e  m 6 t h o d e  v a r i a t i o n n e l l e  d ' C l e m e n t s  f i n i s  p o u r  l a  r e s o -

l u t i o n  n u m d r i q u e  d u n  p r o b l e m e  e x r e r i e u r  d a n s  R 3 .  R e t t .  F r a n c a i s e  A u t o m a t  I n l o r m a t .  R e c h e -

r c h e  o p e r a t i o n n e l l e  S € r .  R o t g e  A n a I .  N u n € r . , 7 ( 1 9 i 3 ) ,  1 0 5 - 1 2 9 '
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