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Abstract

The development of the method of fundamental solutions (MFS) and related methods for
the numerical solution of scattering and radiation problems in fluids and solids is described and
reviewed. A brief review of the developments and applications in all areas of the MFS over the
last five years is also given. Future possible areas of applications in fields related to scattering
and radiation problems are identified.
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1 Introduction

The method of fundamental solutions (MFS) is a meshless technique for the numerical solution
of certain elliptic boundary value problems which falls in the class of methods generally called
boundary methods. Like the boundary element method (BEM), it is applicable when a fundamental
solution of the differential equation in question is known. It shares the same advantages of the BEM
over domain discretization methods, and also has certain advantages over the BEM.

In order to introduce the MFS and to put it into context, let us consider a specific problem
from acoustics. Thus, consider the radiation of time-harmonic sound waves in a compressible fluid,
caused by the vibrations of an immersed, three-dimensional, bounded obstacle. This problem can
be reduced to an exterior boundary-value problem for the Helmholtz equation,

(V2+E*)u=0 inQ,
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where V2 is the Laplacian and € is the fluid domain. On the boundary of the obstacle, 9, there
is a boundary condition, which we take as

Ou/dn = f on 09, (1)

so that the normal derivative of u is required to equal f on 0 (exterior Neumann problem). (Other
boundary conditions and problems are considered below.) Finally, the behaviour of u at infinity
must be specified: we impose the Sommerfeld radiation condition (see Eq. (10) below).

How can we solve this problem for u? If 02 is a sphere, with centre at O, we can use the
method of separation of variables, giving

=Y ryr(rp), PeQ,

where the coeflicients ¢’ are determined by the boundary condition on 02, and rp is the position
vector of P with respect to O. Each 4)"(r) is a separated solution of the Helmholtz equation in
spherical polar coordinates; it satisfies the Sommerfeld radiation condition and is singular at the
origin. Specifically, we have

¥n' (r) = ha(kr) Y™ (),

where h,, is a spherical Hankel function, Y, is a spherical harmonic, r = |r| and r = rf.
The simplest 97 is 1]; it represents a spherically-symmetric source at the origin. More generally,
we write

G(P,Q) = 93(rp —rg) = Rt ef

for the field at P due to a source at (), where R = |rp — rg]| is the distance between P and Q. G
is the simplest example of a fundamental solution for the three-dimensional Helmholtz equation.

Suppose now that 0§2 does not have a simple shape. Then, we can attempt to use G as follows.
Consider an auxiliary closed surface S in ¢, the interior of the obstacle. We may think of S as
being a closed surface similar to but smaller than €2, or we may choose S as a simple surface such
as a sphere. Then, we seek the solution in the form of a source distribution over S,

/u G(P,Q)ds(Q), Pe9, 2)

where 4 is a function to be found. Evidently, this expression for u satisfies the Helmholtz equation
in  and the Sommerfeld radiation condition, for any reasonable choice of i, so that it only remains
to satisfy the boundary condition on 0. (Classically, one takes S = 912, leading to a boundary
integral equation for p.) If S is strictly inside ¢, the boundary condition gives

[ H(Q) - G(P,Q) ds(Q) = £(P), P eon, 3)

ony

which is an equation to solve for p.

A difficulty with methods of this type is that u(P) may not be representable as Eq. (2). For
we know that when the solution of the exterior Neumann problem is continued analytically from Q
through 9€) into the portion of 2¢ between 02 and S, singularities may be encountered. Indeed,
there must be singularities within Q¢ but we do not know a priori if they are all inside S. On the
other hand, the representation (2) is not singular outside S. For more information on this difficulty,
including computational aspects, see Ref. [1, Chpt. IV, §2.1].



As S and p will have to be discretized in some way, it is natural to replace the integral in Eq. (2)
by a sum: this leads to the MFS. Thus, the solution u is approximated by a function of the form

~N(c,Q; P) = Zc] (P,Qj), Peq, (4)

where ¢ = (¢1,¢2,...,¢cN) € C" and Q is a 3N-vector containing the coordinates of the singularities
Qj, which all lie inside Q°.
More generally, we could use an approximation of the form

N
P) :Zc,-xj(P), Peq, (5)

where {x;(P)} is a set of radiating solutions of the Helmholtz equation. These solutions must have
singularities in £2¢; they could be sources, dipoles or multipoles located at points ; € Q2°. Numerical
methods based on Eq. (5) are sometimes called Generalised Multipole Techniques (GMT), although
many other names are also used; see, for example, Ref. [2, Chapter 8] or Ref. [1, Chapter IV].
Electromagnetic applications of Eq. (5) have been reviewed recently in Ref. [3].

Having selected a representation for u, Eq. (4) or Eq. (5), the next step is to find the coeffi-
cients ¢. A set of observation points {P;}}, is selected on Q. One then applies the boundary
condition at each of these points.

For the MFS when the locations of the singularities are fixed and preassigned, this process
yields the equations

Buyn(c,Q;P) =0, i=1,2,..., M, (6)

where we have written the boundary condition as Bu = 0 on 9Q2. When M = N, Eq. (6) is a linear
system of N equations in N unknowns, whereas, when M > N, we have a linear least-squares
problem.

Christiansen [4] refers to the use of Eq. (3) as Method I. He gives a thorough review of the
literature (up to about 1980), and shows that the condition numbers of the corresponding linear
systems worsen as the distance between S and 0 increases. More recently, Ochmann [5] has
reviewed the use of Eq. (3) in the context of acoustic radiation problems.

With the MF'S, there is another option: the locations of the singularities can be determined
along with the coefficients c. In this case, there are 4N unknowns, comprising ¢ and the Cartesian
coordinates of the N singularities Q; they are to be determined by minimizing the functional

Q) = |Bun(c,Q; )%, (7)

=1

which is nonlinear in the coordinates of the @);. The minimization of this functional is commonly
done using readily available nonlinear least-squares software such as the MINPACK routines LMDIF
and LMDER [6], the Harwell subroutine VAO7AD [7], and the NAG routine EQ4UPF [8]. The
relative merits of these codes are examined in Refs. [9] and [10]. The constrained optimization
features of EO4UPF are particularly useful for ensuring that the singularities remain outside the
domain of the problem. More details about available least-squares routines as well as various
algorithmic features of the MFS may be found in Ref. [11].

The initial placement of the singularities can influence the convergence of a least-squares routine
significantly. Usually the singularities are distributed uniformly around the domain of the problem
at a fixed distance from its boundary. For problems with boundary singularities, Cisilino and



Sensale [12, 13] studied the placement of the singularities via a simulated annealing algorithm.
Saavedra and Power [14] introduced an MFS algorithm with adaptive refinement in the case in
which the singularities are fixed and their number is less than the number of boundary points.
In the solution of the resulting least-squares problem, the distribution of singularities is selectively
improved by taking into account the intensities of the fundamental solutions in the MF'S expansion,
that is, the coefficients of the fundamental solutions, and using them as parameters in a multiple
linear regression model. The positioning of the singularities has also been investigated via a genetic
algorithm [15, 16]. Adaptive GMT are discussed in Ref. [2, p. 275].

When the MFS with an equal number of fixed singularities and boundary points, both of which
are uniformly distributed, is applied to certain problems in circular domains, it leads to linear
systems with coefficient matrices which are circulant or block matrices with circulant blocks. Ways
of exploiting the properties of such systems for the efficient implementation of the MFS applied to
harmonic and biharmonic problems are investigated in Refs. [17, 18].

1.1 A brief review

Early uses of the MF'S were for the solution of various linear potential problems in two and three
space variables. The method has since been applied to a variety of situations such as plane po-
tential problems involving nonlinear radiation-type boundary conditions, free boundary problems,
biharmonic problems, problems in elastostatics and in the analysis of wave scattering in fluids and
solids. A survey of the MFS and related methods for the numerical solution of elliptic boundary
value problems is presented in Ref. [11]. Material on the MFS may also be found in the recent
books by Golberg and Chen [19] and by Kolodziej [20]. In this paper, we describe the development
of the MFS and related methods for the numerical solution of scattering and radiation problems in
fluids and solids. We also give a brief review of the developments and applications in all areas of
the MFS over the last five years and identify future possible areas of applications in fields related
to scattering and radiation problems.

It is unclear who first used the MFS with fixed singularities; see the references in Refs. [4, 11].
Certainly, the idea of representing potential flow past axisymmetric bodies using singularities on
the axis of symmetry is very old; see, for example, the discussion of Rankine’s work in Ref. [21,
§97] or Ref. [22, §6.8].

The MFS with moving singularities was first proposed by Mathon and Johnston [23]. Since
the approximate solution in the MFS automatically satisfies the partial differential equation in
question, the method may be viewed as a Trefftz method (see, for example, Ref. [24]). A survey of
Trefftz methods is given in Ref. [25] and more recent studies of these methods include Refs. [26]-
[30]. However, for exterior acoustic problems, it is imperative to use functions that satisfy both the
governing differential equation and the radiation condition at infinity.

Lately, much attention has been devoted to the extension of the MFS to inhomogeneous prob-
lems, especially diffusion problems [31]-[36], often in conjunction with the dual reciprocity and
radial basis function methods for treating the inhomogeneous terms [37, 38]. The MFS combined
with an operator splitting - radial basis function technique was used for the solution of tran-
sient non-linear Poisson problems in [39]. The MFS combined with radial basis functions has also
been used recently for the solution of linear [40] and nonlinear [41, 42] Poisson problems, and for
Stokes flow [43]. The MFS in conjunction with compactly supported radial basis functions has been
considered in Ref. [44] for the solution of Poisson problems and in Ref. [45] for the solution of three-
dimensional Helmholtz-type problems; see also Ref. [46]. In Ref. [47], the integrations involved in
the evaluation of the particular solutions in Poisson problems are treated by a quasi-Monte Carlo
method. The MFS is used in Ref. [48] for the solution of Poisson problems in combination with



fundamental solutions of the modified Helmholtz equation instead of radial basis functions. A
comparison of the MFS combined with radial basis functions and another meshless method, called
Kansa’s method, is presented in Ref. [49].

Christiansen [4] and Lazarashvili and Zakradze [50] investigated the dependence of the accuracy
of the MFS solution of the Dirichlet problem for Laplace’s equation on the location of the auxiliary
boundary and the number of boundary points (which in their case is the same as the number of
singularities). The same problem was also studied in [51]. Balakrishnan and Ramachandran [52]
applied the MFS to singular problems governed by the modified Helmholtz equation and discussed
the positioning of the boundary points and singularities to yield improved accuracy. In Refs. [17]
and [18], certain aspects of the MFS related to the positioning of the singularities when the method
is applied to harmonic and biharmonic Dirichlet problems in a disk are investigated.

Cisilino and Pardo [53] used an MFS-type approximation with a functional integral method for
the solution of the Dirichlet problem for Laplace’s equation in a disk. This approach introduces a
regularization parameter which can be adjusted to reduce the error.

In Ref. [54], the MFS is used for the solution of anisotropic problems in elasticity and in Ref. [55]
for the solution of anisotropic thin-plate bending problems. Fenner [56] applied the MFS to linear
isotropic elasticity problems and also discussed a domain decomposition technique. The MFS is
used for the calculation of the eigenvalues of the Helmholtz equation in Ref. [57]. Recently, the
MFS was also applied to three-dimensional shape recognition problems by Kanali et al. [58, 59].

In recent years, the MFS has also been widely used for problems in electrostatics. In particular,
Ismail and Abu-Gammaz [60] applied the MFS to determine the electric field resulting from high
voltage transmission systems and Vlad et al. [61] used the MFS to calculate the electric field in
plate-type electrostatic separators. See also Refs. [62] and [63].

In all of the above studies, the MFS with fixed singularities was employed. The MFS with
moving singularities was implemented recently for the solution of three-dimensional Signorini prob-
lems [64], three-dimensional elasticity problems [65] and anisotropic single material and bimaterial
problems in combination with a domain decomposition technique [66, 67]; see also Ref. [68].

1.2 Irregular frequencies

It is known that Eq. (3) suffers from irregular frequencies (fictitious eigenfrequencies): uniqueness is
lost whenever k2 is an eigenvalue of the interior Dirichlet problem for S. This fact is stated clearly
in Refs. [69, 70] and in the review by Benthien and Schenck [71]. However, numerical experiments
reported in Refs. [72, 73, 74] for the MFS solution of various scattering problems do not indicate the
presence of irregular frequencies. A possible resolution of this situation may involve the difference
between continuous and discrete representations: clearly, a discrete set of points in 2¢ does not
define an internal surface S uniquely. Thus, this topic may warrant further careful computations.

2 Scattering and radiation problems

Because of their advantages over domain discretization methods for the solution of scattering and
radiation problems in acoustics and elastodynamics, boundary integral methods have been used for
such problems for some time [75, 76]. Also, various MFS-type formulations have been proposed
for time-harmonic acoustic and electromagnetic scattering problems [77]-[81]. In Refs. [82, 83],
the MFS with fixed singularities is applied to two- and three-dimensional acoustic wave scatter-
ing problems in fluids involving fluid scatterers. This method is extended in Ref. [84] to two-
dimensional acoustic scattering from periodic fluid scatterers, and in Ref. [85] to the treatment of
three-dimensional acoustic scattering from doubly-periodic fluid scatterers. The MFS approach of



Ref. [82] was also extended by Murphy et al. [86] to the solution of short-range ocean acoustics
problems. Erez and Leviatan [87] used a modified version of the MF'S to analyze acoustic scattering
from two adjacent spheres of different sizes. The problem of scattering of a time-harmonic wave
in a thin elastic plate by a small patch made of a different material using the MFS was addressed
by Leviatan et al. [88]. Essentially the same method was applied by Song et al. [89]-[91] to two-
and three-dimensional acoustic radiation problems and also by Jeans and Mathews [92] to spherical
and spheroidal acoustic radiation and scattering problems. In Ref. [93], the MFS is combined with
a singular value decomposition technique for treating radiation from a circular cylinder. It is also
used in Ref. [73] to study the scattering/transmission of time-harmonic waves by an elastic obsta-
cle embedded in a three-dimensional infinite elastic medium. In Ref. [74], acoustic wave scattering
in fluids and wave scattering from rigid/vacuous obstacles in elastic regions are analyzed using
the MFS with moving singularities and fixed singularities, respectively; see also Refs. [94, 95]. In
Refs. [96, 97], an MFS-type method with fixed singularities for the Helmholtz equation in two and
three dimensions is discussed.

An MFS-type method with fixed singularities was also used by Stepanishen and Ramakrishna
[98, 99] for two-dimensional acoustic scattering from a cylinder with a plane of symmetry. The
same authors [100] applied an MFS-type method to acoustic radiation problems in combination
with singular value decomposition techniques. The MFS was applied by Johnson et al. [101] to
acoustic problems in which the scattering obstacle includes internal scattering objects.

Ochmann [102] has used the MFS with moving singularities for three-dimensional acoustic
radiation problems. Numerical results for a cube and a finite circular cylinder were presented.
He found that the increase in computer time (compared to the MFS with fixed singularities) was
compensated by ‘an enormous gain of accuracy’ [102, p. 1188].

The MFS with fixed singularities has also been used extensively for the solution of electromag-
netic scattering problems, principally by Doicu, Eremin and Wriedt [103]-[109], by Leviatan (see,
for example, Ref. [110]), and by Maystre [111], together with their co-workers. Further references
on MFS-type methods for acoustic and electromagnetic scattering can be found in the book by
Doicu et al. [1].

2.1 Scattering in fluids
2.1.1 Single fluid case

Consider a time-harmonic acoustic wave in an unbounded, homogeneous, compressible fluid. The
fluid domain is €2. The wave is incident upon a rigid, fixed obstacle occupying the bounded region
Q¢ € IR3, the complement of Q. The fluid particle velocity at a point P € Q is given by v(P,t) =
—V¢(P,t), where ¢ is the velocity potential. For time-harmonic waves,

$(P,t) = Re {®(P) exp(—iwt)},

where ®(P) is the complex amplitude and w is the circular frequency. The scattered wave is defined
by ®° = & — &', where ®' represents the incident wave. The function ® satisfies the Helmholtz
equation

V2®(P) + k*®(P) =0, PeqQ, (8)

where k = w/c is the wave number and c is the wave speed.
On 09, the boundary of the rigid scatterer, v - n = 0, where n is the unit normal to 9€2; that
is, 0®/0n = 0.



Rewriting the problem in terms of ®° gives

V205 (P) + k?®5(P) = 0, Pcq, (9)

(P) = 0, Peoq.

In addition, ®° must satisfy the (three-dimensional) Sommerfeld radiation condition at infinity,

(03
Jim 7 ( 5 ik® ) =0, (10)
uniformly in all directions, where r is the distance from P to some fixed origin in the vicinity of Q°.
If P and @ are two points, a fundamental solution of the three-dimensional Helmholtz equation
8 kR
G(P, Q) = ?a
where R is the distance between P and (). This fundamental solution satisfies the radiation
condition as r — oo, for any fixed Q). In the MFS [74], the scattered field ®S at each point P is

approximated by
% (c, Q; P) = ch (P,Q,), (11)

where ¢ = (c1,¢o,...,cy)T €CY is a vector of unknown coefficients and Q is a 3N-vector containing
the coordinates of the singularities (), which lie in Q¢. A set of points {P; }f\il is selected on 02,
and the coefficients ¢ and the locations of the singularities Q are determined by minimizing the
functional )
M
o®3; 0!
Ple,Q) =Y |5 M e, QP+ 5 () - (12)
(3

i1 on;

Applications of this formulation to this type of problem are given in Refs. [74, 94, 95].

Radiation problems can be treated in a similar way by taking the incident wave to be zero,
by replacing the scattered wave with the radiated wave and by prescribing appropriate boundary
conditions on 99; see Eq. (1).

2.1.2 Fluid-fluid case

In the case where the rigid obstacle €2¢ is replaced by a homogeneous fluid body with properties
different to those of the infinite fluid body (2, the situation is slightly different. In addition to the
incident and scattered waves ®/ and ®°, there is a transmitted wave ®7 inside the obstacle Q€.
The total wave in Q, ®, satisfies, as before, the Helmholtz equation (8) and ® = ®° + ®’. The
transmitted wave ®T satisfies

v2el(P) + k20T (P) =0, PeQf

where k. is the wave number in Q¢ Under the assumption that the two fluid surfaces remain in
contact, we must have continuity of pressure across the interface; this yields p® = p.®T on 012,
where p and p. are the densities of the fluids in €2 and Q€ respectively. We also require continuity
of normal velocity across the interface; this gives

T
g—izaain on Of).

7



Thus the scattered wave ®° satisfies Eq. (9), the radiation condition (10), and the interface condi-
tions g ; .
o oo oo
3% + @') = p,®" and = Q.
PO +®7) = pe o on + on on "
In the MFS, the scattered field ®° is approximated as in Eq. (11), whereas the transmitted field

®7T is approximated by

NC
O (d, Q% P) =Y _ d;Ge(P,Q5), (13)
j=1
where d = (dy,da, ...,dye)T € CV° is another vector of unknown coefficients, Q€ is a 3N°-vector

containing the coordinates of the singularities QF which lie in Q, and G, = R~ 'exp (ik.R). As
before, we choose points {P;}; on 0 and determine ¢, d and the locations of the singularities
Q and Q¢ by minimizing the functional

M
Fe,d,Q.Q) = Y |25(c, Qi) +8'() — (pe/0)2%.(d, Q% P)[
=1

M
+az
i=1

895, 00! 08T, 2
B—ni(c’ QF)+ B—W(H) = om; ; (14)

(d,Q%F;)

where a is a typical length-scale for the problem (such as k! or the diameter of 2¢). See Ref. [94]
for applications of this approach to fluid-fluid problems.

2.2 Scattering in elastic solids
2.2.1 Single solid case

Suppose now that  is an unbounded homogeneous isotropic elastic solid. The obstacle is either
rigid and fixed, or is a cavity, and is impinged upon by a time-harmonic wave. The field variable
of interest is the displacement vector u. Stresses and tractions can be obtained from u by Hooke’s
law; in particular, we denote the surface traction vector by t. The governing system of differential
equations in terms of the displacement vector is

(2 —A)V(V-u)+cEVu+w?u=0 inQ, (15)

where ¢; and ¢y are the dilatational and shear wave speeds, respectively, in 2. The boundary
conditions for the two types of obstacles are

u=ul4+u’ =0, (rigid obstacle),

and
t=t!+t5=0, (cavity),

where ul,u®, t! and t° are the incident and scattered displacements and tractions, respectively.

For this problem, the fundamental solution is Stokes’ displacement fundamental tensor [112]. If
we denote the components of this tensor by U;;, 4,7 = 1,2,3, and the components of the Stokes’
traction fundamental tensor by T;;, ¢,5 = 1,2, 3, then

Ui (P,Q) {[dj(kaR)?es + D] + CRR,;}, 5 =1,2,3, (16)

- 4mpw? R3



where k;j = w/c;j, e; = e*ift j =1,2,
D =Tgey —Tie1, C = Ages — Ager,
I;=-1+ikjR, A;=3-3ik;R—k’R* j=1,2,
and

B_R
on

OR OR
+2u [O ((5,”% + R jn; + R,Z"I’Lj) +FR;R j— an :| } , 1,7=123, a7

1
Tij(P, Q) = — {/\61 (klR)erR,jnl + /,IIGQ(kQR)QFQ (51']'

4 pw? R* + Rin; )

where A and p are the Lamé moduli,
F = Hiey — Hyey, H; = 15— 15ik;R — 6k;R* +ikiR®, j=1,2.

In Egs. (16) and (17), commas indicate partial differentiation with respect to the Cartesian coor-
dinates of P.
In the MFS [74], the scattered field u7 (P) is approximated by

,NCQP ZZCMUMPQ]) i=1,2,3; (18)

j=1n=1

the corresponding tractions, tf (P), are approximated by

N

Sn(C,Q; P) ZZCWTW (P,Q;), i=1,2,3. (19)

j=1ln=1

The unknowns are now the 3N complex coefficients Cyj, n = 1,2,3, 7 = 1,..., N, and the 3N
coordinates of the Q;.

Again, a set of points {P; }]]Vil is selected on OS2, and the coefficients ¢ and the locations of the
singularities Q are determined by minimizing the functional

3 M 9
=D [un(C, QB +ui(Fy)| (20)
i=1j=1
for a rigid obstacle, and
3 M 0
F(C,Q) =) ) [tin(C. QP+t (F)| , (21)
i=1j5=1

for a cavity. Applications of this formulation with both fixed and moving singularities are given in
Refs. [74, 94, 95].

In the case of radiation problems, the same formulation is used with the corresponding radiation
boundary conditions and by taking the incident wave to be zero and by replacing the scattered
wave with the radiated wave.



2.2.2 Solid-solid case

We next consider the case of wave-scattering in an infinite elastic region Q € IR® with an elastic
obstacle with different material properties occupying €2, its complement. In addition to the incident
and scattered waves in €, there is a transmitted wave in 2¢ whose displacement and traction are
denoted by u” and t7, respectively. Each of the displacement fields satisfies Eq. (15). On the
interface 02, the continuity of the displacements yields

u’ =u’ + v,

and the continuity of the tractions gives
t" =t' + 5.

As before, the scattered fields u® and t° are approximated by Egs. (18) and (19), respectively, and
the transmitted fields u” and t7 by

NC

3
ui n(D,Q%P) =" DnUs (P,Q5), i=1,2,3,
j=1ln=1

and

N¢ 3

tzj:N(D7QC’P):ZZDRJ’TZCTL(PaQs)a 1=1,2,3,

j=1ln=1
where Cy,j and D, (n =1,2,3, j =1,..., N°) are unknown complex coefficients, U, is the Stokes’
displacement fundamental tensor for the solid in Q°, T}, are the corresponding tractions, and Q¢ is
a 3N“vector containing the coordinates of the singularities @7, which lie in 2. We choose points
{P]}f‘i] on 0f) and determine the coefficients Cy,;, Dy; and the locations of the singularities Q and
Q¢ by minimizing the functional

3 M
F(C,D,Q,Q%) = Y Y u?,N(c,Q;PjHu{(Qj)—uZN(D,QC;Pj)f
i=1j=1
4] 3. M 2
0L NG QR+ (P) — thx(D,Q5F) [, (2
i=1j=1

where a is a typical length-scale. Applications of this MFS formulation with fixed singularities are
given in Refs. [73, 94].

2.2.3 Semi-infinite bodies

We next consider the solution of half-space elastodynamic time-harmonic problems. Let Q € IR3
be a linear, isotropic and homogeneous elastic half-space and let the inclusion Q¢ be either rigid
or a cavity and be at least partially embedded in 2. The common boundary of the half-space and
the inclusion is denoted by 02 and the remaining part of the boundary of the half-space, which
is traction-free, is denoted by 0. The incident wave is now scattered by both Q¢ and the free-
surface of the half-space, which renders the problem considerably more difficult. As before, both
the incident and the scattered waves satisfy Eq. (15) and the boundary conditions

uI+uS:0, tl—i—tS:O,

10



on the boundary 0f2 in the cases of a rigid obstacle and a cavity, respectively. In each case, on the
free surface 0Q2g of the half-space, we have the condition

t! +t5=o0. (23)

In the MFS, the scattered fields u® and t° are again approximated by Eqs. (18) and (19), re-
spectively, and the boundary conditions on 02 and 9 are satisfied in a least-squares sense by
minimizing an appropriate functional. Applications of this MFS formulation with fixed singularities
can be found in Ref. [94].

An alternative approach is to use Lamb’s tensors instead of Stokes’ tensors. Lamb’s tensors (see
Refs. [113, 114]) automatically satisfy the boundary conditions on the free surface of the half-space,
thus avoiding the imposition of condition (23).

3 Axisymmetric acoustic scattering and radiation problems

Consider an axisymmetric region Q' € IR?, which means that €' is formed as the exterior of a figure
of revolution by rotating a plane region 2, with boundary 012, about the z-axis. If we want to
solve the Helmholtz equation in Q' certain simplifications can be achieved by integrating in the
azimuthal direction. If the forcing is also axisymmetric, we only need simple ring-sources.
Thus, let (rp,0p,zp) and (rqg,0q, zg) be the cylindrical coordinates of two points P and @ in
Y, so that
R*(P,Q) = ré + 1% — 2rgrpcosf + (29 — zp)?,

where § = 6g — 0p. Then, a fundamental solution of the axisymmetric version of the Helmholtz
equation is given by [115]
21 ik R(P,Q)
G(P,Q) = ————db. 24
This G also satisfies the radiation condition (10). Applications of this G in the MFS to axisymmetric
acoustic scattering and radiation problems are described in Ref. [116].
Now, we can write

G(PaQ) = Gl(PaQ) +G2(P3Q)a

where
21 ikR(P,Q) _ 1d0
Gipa) = [ 2
1( Q) 0 R(PaQ)
and
2T 1 20
Go(P,Q) = ———d#f.
(P9 = | ®E0)

The integral G1(P, @) can be evaluated numerically using a standard quadrature rule since its
integrand is nonsingular. It can be shown [117, 118] that

G2(P,Q) = 4R 'K(r), (25)

where K (k) is the complete elliptic integral of the first kind,
/2 ~1/2
K(k) = / [1 — K? sin? 9] / do,
0
with 2 = 4rprg/R? and R? = (rg +rp)? + (2 — zp)%
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The normal derivative of the fundamental solution is

0G(P,Q) B 2t 9 (sz(PQ))

B R(P,Q)

onp 0o Onp

Ll(Pa Q) + LQ(Pa Q)7

L(P 2T o eikR(P,Q) -1 "
1( aQ) - 0 Bnp R(P,Q) ’

which can be evaluated using standard quadrature, and

where

In Ref. [115], it is shown that

2{R?[E(k) — K(k)(1 — k?)] — 2rp(r ro)FE(k 4(zp — z0)E(k
LQ(P,Q): { [ (k) (Z‘EDR?’(l)—]KQ) plre ¥ Q) ( )}nr_ (71-‘:3(1 ?LQ)( )n27

where E(k) is the complete elliptic integral of the second kind defined by

/2
B(r) = / [1—w?sin?6]"” db,
0

and n, and n, are the components of the outward normal vector n to the boundary 90X in the r
and z directions, respectively.

Having obtained expressions for the fundamental solution of the axisymmetric version of the
Helmholtz equation and the normal derivative of the fundamental solution, we now approximate
radiating solutions by

~(c,Q; P) = Zc] (P,Q;), Peq,

where ¢ = (c¢1,¢9,...,cn) €C", and Qis a 2N -vector containing the coordinates of the singularities
@, which lie outside Q. A set of points {P;}}, is selected on 02, and the coefficients ¢ and the
locations of the singularities Q are determined by minimizing the functional

M
Q) =>_|Bon(c, Q; P)I,
=1
where B® = ( is the boundary condition to be imposed. This method can be used for axisymmetric
radiation problems or for axisymmetric scattering problems; an example of the latter occurs when
the incident field is a plane wave propagating in the z-direction.
In the case of semi-infinite axisymmetric problems, namely when we have acoustic radiation
and scattering from axisymmetric bodies in the half-space z > 0, say, a similar approach can be
adopted. Thus, if z = 0 is a rigid plane, we can use the (modified) fundamental solution

" o sz(PQ) 21 LikR(P,Q")
(P,Q) = 0+ /

R P, Q R P, Q’
where the point @' is the image point of @} in the plane. This fundamental solution satisfies the
(Neumann) boundary condition on the free surface automatically. The application of the MFS based
on this fundamental solution to several axisymmetric acoustic scattering and radiation problems
can be found in Ref. [116].

The MFS has also been applied recently to axisymmetric potential problems [119] and axisym-
metric elasticity problems [120].
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4 Concluding remarks and future work

An attractive feature of the MFS is that one avoids potentially troublesome integrations (such
as are present in BEMs). Also, in comparison with other boundary methods, the MFS is very
easy to implement and requires very little data preparation. One of the most important features
of the MFS with moving singularities is its adaptivity. By permitting the singularities to move,
the method is able to adapt the approximation automatically to reflect any bad behaviour in the
solution, and produces a uniform distribution of the error on the boundary regardless of its shape.
In particular, the method can handle irregular obstacles which frequently arise in scattering and
radiation problems. The nonlinearity of the problem resulting from this adaptivity can be viewed
as a disadvantage of the method. However, with the availability of good software, this is no longer
a serious drawback in most cases.

As in other boundary methods, when applying the MFS, there is no need to truncate infinite
or semi-infinite domains present in scattering and radiation problems. Thus complications arising
from wave reflections from these artificial boundaries are avoided.

From the work performed on the application of the MFS to radiation and scattering problems,
there appears to be some practical difficulties in the use of the MFS with moving singularities for
certain problems, such as acoustic scattering in a fluid with a fluid obstacle with different properties
or the scattering of elastic waves. Clearly, further investigation of this matter is required.

When applying the MFS with fixed singularities to certain scattering problems, it has been
observed that, as the singularities are positioned far from the surface of the scatterer, the resulting
coefficient matrix becomes ill-conditioned. This occurs because as the singularities move away from
the surface they tend to cluster very close to each other (since we are approximating the solution
outside the scatterer). On the other hand, experimental evidence reveals that the accuracy of the
solution improves as the singularities move away from the boundary. These observations should be
studied further.

So far, the MFS has only been applied to half-space elastodynamic time-harmonic problems
using the full-space fundamental solution, the Stokes’ tensor, instead of Lamb’s tensor, the half-
space fundamental solution. A comparison of the performance of the two MFS formulations would
be of interest. A similar comparison for the BEM is described in Ref. [114]

The MFS has not yet been applied to fluid-solid wave interaction problems nor to transient
problems in elastodynamics. Also, the application of the MFS to axisymmetric scattering and
radiation problems in solids has yet to be addressed.

It would also be of interest to investigate the application of the MFS to problems governed
by axisymmetric and helically symmetric Helmholtz-type equations whose fundamental solutions
are analyzed in Refs. [121]-[123]. Also, the MFS has not yet been applied to problems governed
by general second order linear elliptic partial differential equations with variable coefficients for
which fundamental solutions are studied in Refs. [124, 125]. Finally, potential applications of the
MFS can be found in the recent work of Rencis and Huang [126] on the fundamental solutions of
two-dimensional microelastic bodies, and of Westphal et al. [127] on the fundamental solutions of
the Kirchhoff, Reissner and Mindlin plate bending models.
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